AN ESTIMATE OF FREE ENTROPY AND 
APPLICATIONS 

MARIUS B. STEFAN 

Abstract. We obtain an estimate of free entropy of generators in 
a typeli-factor M which has a subfactor M of finite index with a 
subalgebra V = ViW 1^2 C where T^i = 7^i n "P, 7^2 = 7?.2 n P are 
diffuse, TZi,TZ2 C V are niutuaUy commuting hyperfinite subfac- 
tors, and an abehan subalgebra A C N' such that the correspon- 
dence ■pL'^{J\f, t)a is A^-weakly contained in a subcorrespondence 
■pH_A of ■pL'^{M,t)a, generated by v vectors. The (modified) free 
entropy dimension of any generating set of is < 2r + 2v + 4, 
where r is the integer part of the index. As a consequence, the in- 
terpolated free group subfactors of finite index do not have regular 
non-prime subfactors or regular diffuse hyperfinite subalgebras. 



1. Introduction 

D. Voiculescu defined ( |Vo2j . |Vo3j ) the original concepts of free en- 
tropy and of (modified) free entropy dimension for m-tuples of self- 
adjoint non- commutative random variables. Very roughly, the free en- 
tropy x((xj)i<j<m) is a normalized limit of logarithms of volumes of 
sets of matricial microstates (that is, m-tuples of matrices whose non- 
commutative moments approximate those of (xj)i<j<m), while the mod- 
ified free entropy dimension So{{xi)i<i<m) is in some sense an asymp- 
totic Minkowski dimension of the sets of matricial microstates. Then 
he proved ( |Vo3j ) that 5o((^j)i<i<m) < 1 if the von Neumann algebra 
{{xi)i<i<rn}" has a regular diffuse hyperfinite *-subalgebra (DHSA). 
Since the free group factors have generators with 5q > 1, this implied 
in particular the absence of Cartan subalgebras in the free group fac- 
tors, thus answering in the negative the longstanding open question of 
whether every separable I i-f actor arises from a measurable equivalence 
relation. 

A. Connes introduced Kazhdan's property T from groups (jKaj) to 
the von Neumann algebras context in |Colj where he proved that if F is 
a countable discrete ICC group with property T, then the fundamental 
group of the von Neumann algebra of F is countable. This remarkable 
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rigidity result produced the first examples (such as £(S'L(3,Z))) ofli- 
factors with fundamental group strictly smaller than M^. A. Connes 
and V. Jones ( |Co Joj ) defined then property T for arbitrary von Neu- 
mann algebras in terms of correspondences ( |Co2j . )Co3j ) and showed 
that the countable discrete ICC group T has property T if and only 
if C(T) has property T. Correspondences play the role of group repre- 
sentations and property T can be naturally defined by following this 
analogy. Thus, the space of (equivalence classes of) correspondences 
can be endowed with a topology through their coefficients and prop- 
erty T simply means that the trivial correspondence is isolated from 
the correspondences that do not contain it. 

The free group factors £(F„), 2 < n < oo, were the first examples of 
prime (i.e., non-isomorphic to tensor products of) type Ei-factors with 
separable preduals. Their primeness (conjectured by S. Popa in [ Po3j ) 
was proved by L. Ge ([Ge2j) via an estimate of free entropy. Also with 
free entropy estimates and extending D. Voiculescu's result about the 
absence of Cartan subalgebras, L. Ge ( |Gelj ) and K. Dykema ( |Dy2| ) 
showed that the free group factors do not have abelian subalgebras of 
multiplicity one and of finite multiplicity, respectively. 

We consider sub correspondences pH^^ of pL^(A^,r)_4, where Af C 
A4 is an inclusion of type Ii-factors with finite Jones index (with inte- 
ger part equal to r) and V, A are von Neumann subalgebras of Af. We 
assume moreover that A is abelian and V = Vi\/V2 where Vi = TZ'i (IV 
and V2 = 7^2 nP are both diffuse and TZi, IZ2 are mutually commuting 
hyperfinite subfactors. Then we prove f Theorem 14. ![ using Lemma ITTj) 
that if the correspondence ■pL'^{J\f, r)_4 is A^-weakly contained in pHj^ 
and if pi?^ is spanned by v vectors, then the (modified) free entropy 
dimension of any generating set of is < 2r -|- 2t' -|- 4. For Ai = jC{¥t) 
(an interpolated free group factor from |Dyl| , |Raj ) . the free entropy 
dimension estimate implies f Theorem 14. 2|) the absence of regular non- 
prime subfactors and of regular hyperfinite diffuse subalgebras (DHSA) 
in the subfactors J\f C. C(¥t) (1 < t < 00) of finite Jones index. In 
particular, the interpolated free group subfactors of finite index are not 
crossed products of non-prime subfactors or hyperfinite diffuse subalge- 
bras by properly outer actions of countable discrete groups (Corollary 
14. 2|) . We mention that the Haagerup approximation property ( |.Haj ). 
primeness, and absence of abelian subalgebras of finite multiplicity (and 
thus of Cartan subalgebras) are known to be preserved ( |^tl| , |3t2| ) to 
the interpolated free group subfactors of finite index. 
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2. Notations 

We shall use M., Af, V, A etc. to denote (finite) von Neumann 
algebras. In particular, we use M. for a type Ii-factor and M for a 
subfactor of Ai. Let V he a finite von Neumann algebra, endowed with 
a normal faithful tracial state t : V ^ C For any projection p e P we 
denote by Vp = pVp the corresponding reduced von Neumann algebra 
of V. Note that the functional Tp : Vp —>■ C, Tp{y) = 7^t(?/) Vy G Vp is 
a normal faithful tracial state on Vp. The completion of V with respect 
to the 2-norm ||x||2 = t{x*x)^ Vx G P is a Hilbert space, denoted 
L'^{V, t). If a/" C 7W is an inclusion of type Ei-factors, then the Jones 
index [AA : Af] is, by definition (jJoj), the dimension dim_^L^(A1, r) of 
the left AT-module L'^{AA,t). We mention that the dimension dimxH 
of an arbitrary left jV-module H was introduced by F. Murray and J. 
von Neumann (jMvN]) as the coupling constant of H. While dimj^fH 
assumes all possible values from [0, oo], the celebrated result of V. Jones 
([Joj) shows that necessarily [M : M] e {4cos^^ : n > 2} U [4, oo]. 
Many interesting von Neumann algebras arise from representations of 
discrete groups. For example, let F be a discrete group and denote by 
((5^)^gr the standard orthonormal basis in P{T). If A : F B{P(T)), 
A^j5^2 = S^j^-y^ V7i,72 G F denotes the left regular representation of F, 
then the (left) group von Neumann algebra is C{r) = Ap. Moreover, it 
is easily seen that C{T) is a type Ei-factor if F is an ICC group (that 
is, all nontrivial conjugacy classes of F are infinite). In particular, 
the free group F„ on n generators (2 < < oo) is an ICC group 
and thus one obtains the free group factors £(F„) (2 < n < oo). The 
crossed product construction is yet another way to obtain von Neumann 
algebras from a von Neumann algebra Q and a discrete group F acting 
by ^-automorphisms on Q (that is, there exists a group homomorphism 
a : r —>■ Aut(Q)). Briefly, the crossed product algebra Q X r is db kind 
of maximal von Neumann algebra generated by (a copy of) Q and (a 
copy of) F, subject to the commutation relations 7x7"^ = a^(x) V7 G F 
Vx G Q. The action a : F — Aut(Q) is called properly outer if each 
automorphism a^, 7 G F\{e}, is properly outer. An automorphism f3 G 
Aut(Q) is properly outer if for any x E Q, xy = (3{y)x G Q implies 
X = 0. The action a is said to be ergodic if the fixed-point subalgebra 
Q° = {x G Q : V7 G F} is trivial. It is well-known that 

the crossed product Q factor if the action a is properly outer 

and if its restriction to the centre of Q is ergodic. If Q C P is an 
inclusion of von Neumann algebras, then the normalizer N-p^Q) of Q 
in V is defined by N'p{Q) = {ueV -.uu* = u*u = 1, uQu* = Q}. The 
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algebra Q is said to be regular in V if N-p{Q)" = V. For example, Q 
is always regular in Q F. 

2.1. Correspondences. The notion of correspondence between two 
von Neumann algebras (with separable preduals) V and A was intro- 
duced by A. Connes f |Co2j . |Co3j . |Po2j ). Thus, a correspondence 
between V and ^ is a pair of mutually commuting normal unital *- 
representations of V and A° (the opposite algebra of A) on the same 
(separable) infinite dimensional Hilbert space H. Two correspondences 
pi/_4 and vH'j^ are equivalent if there exists a (P, ^)-bilinear isometry 

from H onto H'. We denote by pi/^ the class of pif^ under this 
equivalence relation and by Cott(V , A) the set of all classes of corre- 
spondences between V and A. Let pi/^ G Corr(P,^), e > 0, and 
FcV,EcA, S = {^1, . . . , C,v} C H he finite subsets. Define 



(1) U 



(PU, e, F, E, = e Corr(P, A) : 3r],, . . . ,r],, e K 

\{b^ka, 6) - {bma, r^i)\ < t\/h e F\/a e E\/l < k,l < v] . 

Define also V (^vHj[, e, F, E, as the set of all classes of correspon- 
dences pKj^ G Corr(P, A) with the property that there exists a surjec- 
tive isometry u : H ^ K such that \ \hu{^i)a—u{h^ia)\ \ < e for all b & F, 
a & E, 1 < I < V. Then Corr('P,^) becomes a topological space with 

the topology for which the sets U (^pH_a, e, F, E, (or equivalently, 

the sets V ^p-ff^, e, F, E, S^) form a basis of neighborhoods. One has 

also a notion of weak subequivalence: if and pi^^ are two corre- 
spondences between V and A, we say that -pL^ is weakly contained in 

(or weakly subequivalent to) vL'_^ if vL'_^ G (we denoted by 

V- the closure of F C Corr(P,^)). 

We define next a refinement of the above equivalence relation, re- 
stricted to subcorrespondences p-f^^ of ■pL'^{Ai, r)_4, where V\/A C A4. 
Thus, we say that two subcorrespondences -pHji, -pi/^ of pL^(A^,r)^ 
are Al-equivalent if there exists a unitary v E (V \/ A)' fl A4 such that 
H = vH'v*. We denote by p-ff^ the class of pHy^^ under this equivalence 
relation and by Corr^K ("P, A) the set of all classes pi?^ of subcorrespon- 
dences pHyi^ of pL^(A^, r)^. Denote further by Vm ^p//^, e, F, E, 

the set of all classes -pKj^ of subcorrespondences pi^^ of pL^(A^,r)_4 
with the property that there exists a unitary w E Ai such that K = 
wHw* and \ \bw^iw*a - wb^iaw*\\ < e for all b e F, a e E, 1 < I < v. 
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Then Cottm{'P,-^) becomes a topological space, endowed with the 
topology for which the sets Vm {vH_a^ e, F, E, form a basis of neigh- 
borhoods. By analogy with the definition of weak sub equivalence, one 
defines the A^-weak subequivalence: if pL^ and 75 are two subcor- 
respondences of pL^(A^, r)_4, we say that pL_4 is A^-weakly contained 

in (or A^-weakly subequivalent to) vL'^ if G (where V~ 

denotes here the closure of F C Goii _m{V , A)) . 

2.2. Free entropy. We recall but a few results from D. Voiculescu's 
free probability theory ( jVolj . jVo2j . |Vo3j ). Let P be a finite von 



Neumann algebra endowed with a normal faithful tracial state r : V ^ 
C. An element s G P is called semicircular if s = s* and if it is 
distributed according to Wigner's semicircle law: 



(2) t{s') = - 

TT 



j tVl - t^dt Wk G N. 



A family of {Vi)i(zj of unital *-subalgebras of V is called free if t{xi . . . 
Xm) = whenever Xk G Vi^, T{xk) = 0, VI < A; < m, Zi, . . . , G /, 
^1 7^ ^2 7^ • • • 7^ imi m G N. A family (Xj)jg7 of subsets Xj C P is 
called free if the family (*-alg({l} U is free. The family {si)i^i 

of elements Sj G P is a semicircular system provided that ({sj})jg/ is 
a free family and if Sj is a semicircular element G /. If c > 1 is an 
integer, we denote by A1c(C) and A^^"(C) the set of all c x c complex 
matrices and of all c x c complex self-adjoint matrices, respectively. 
We further denote by U{c) the group of unitaries from A^c(C), by 
Tc the unique unital trace on A^c(C), and by || ■ ||e = yc|| ■ II2 the 
euclidian norm on 7Wc(C). The free entropy of Zi, . . . , Xm G V^"" in the 
presence of Xm+i , • • • , Xm+n G V"" is defined in terms of sets of matricial 
microstates T R{{xi)i<i<rn ■ (2;„+j)i<j<n; a, c, e) C {M^'^iC))'^. Thus, 
for a, c > 1 integers and i?, e > 0, one has the following sequence of 
definitions: 

(3) Tr{{x,) 

l<.i<.m ■ {j^m+j)l<.j<.m (^1 C, 

= {{A^l<^<m G {Ml^{C)r ■■ 3(A„+,)i<,<„ G {MT{C)rs.i. 

\t {xi^ . ..XiJ - Tc{Ai^ . ..Ai^)\ < e, \\Ak\\ < R 

y I <ii,...,ii < m + nyi < I < a VI < k < m + n} , 

(4) XR{{Xi)l<i<rn ■ {Xm+j)l<j<n; a, C, c) 

= hgY0\mc^{T R{{Xi)i<i<m ■ (Xm+j) IKjKn] a, C, e)) , 
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(5) XR {{Xi) 

(1 Tfl \ 

— XR{.{.Xi)l<i<m- {.Xm+j)l<j<n;a,C,e) + — \ogc \ , 
C Z, J 

(6) Xr {{xi) 

= illf Xr {{Xi)l<i<m '■ {Xm+j)l<j<n'-, O'l ^) i 
a,e 

(7) Xii^i) 

= sup Xr {{xi) l<i<m ■ (^■^m+j)l<j<n) 
R 

(volmc2(-) denotes the Lebesgue measure on 

last quantity x{{^i)i<i<m '■ {xm+j)i<j<n) is called the free entropy of 
{xi)i<i<m in the presence of {xm+j)i<j<n- If n = 0, then it is simply 
called the free entropy of (a;j)i<j<m, denoted xi^i^ ■ ■ ■ i^m)- The free 
entropy of (xj)i<i<m in the presence of {xm+j)i<j<n is equal to the free 
entropy of {xi)i<i<m if {xm+i, • • • , Xm+n] C {xi, . . . , Xm]"- For a single 
self-adjoint element x eV with distribution /i one has 

(8) xix) = ^ + ^ log27r + y J\og\s- t\dfi{s)dfi{t). 

Also, if {xi)i<i<m is a free family, then xi^i, . . . , Xm) = xi^i) + • • • + 
x{xm)- In particular, a finite semicircular system has finite free entropy. 
The modified free entropy dimension of {xi)i<i<m is defined as follows: 

r // \ \ , 1- Xii^i + ^Si)l<i<m '■ {Si)l<i<m) 

(9) do{{xi)i<,i<rr,) =m + hmsup , ~ ~ , ^ — , 

while its free entropy dimension is 

X{{Xi + UJSi)i<i<m) 



(10) S{{xi)i<i<m) = m + limsup ■ 



logc^l 



where (xj)i<i<m and the semicircular system (sj)i<i<m are free. Both 
free entropy dimensions can be determined with the following formulae 
if the family {xi)i<i<m is free: 

m 

(11) So{{Xi)i<i<m) = SiiXi)i<i<m) = ^ S{Xi), 



i=l 



(12) 5(x) = 1 - 5^(MM))^ 

We mention in this context the important Semicontinuity Problem 
j): if Xj is the SOT-limit of x^f^ eV asp ^ oo (for all 1 < z < m). 
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does it follow then that lim inf - 



p^oo 



So{{x 



ll<i<m 



l<i<m 



affirmative answer to this question would imply 
phism of C{Fn) and C(¥m) for n ^ m. 



I? An 



) the nonisomor- 



3. Estimate of free entropy 

Lemma 13.11 gives an estimate for the free entropy of an arbitrary 
system of generators of M. which can be cj-approximated in the 2- 
norm by certain noncommutative polynomials. Typically, this situation 
is encountered under the hypothesis of Theorem 14.11 where the uj- 
approximations hold for all u; > 0. 

Lemma 3.1. Let xi, . . . ,Xm he self-adjoint generators of a Ei-factor 
(A^,r). Assume that M is a subf actor of Ai andV = Vi\/V2 d M is a 
von Neumann subalgebra, where Vi = 7l[nV, V2 = 7^2 andTZi, 7^.2 
are mutually commuting hyperfinite subf actors ofV. Assume moreover 
that there exist self-adjoint elements m^^\ ^ M. (for 1 < j < r + 1, 
1 < e < 2, 1 < k < 2v), mutually orthogonal projections Pq & Ai 
(for 1 < q < u), projections {p^^^)t C Vi, {q^^^)s C V2 of trace |, and 
noncommutative polynomials ^^'f {{p^^^)t, {q^^^)s, {zk)k, {Pq)n) which are 
linear combinations of monomials of the form 
such that for some uj > and for all 1 < i < m 



.p(*^'^)q(^'^)zkPq, 



(13) 



=1 i=i 



+$j:^((j.W)„(g(^))„(z,),,(p,),) m 



< UJ . 



Then 



(14) X ((x.)i<.<m) = x((2:.)i<.<„ : (mf )^ ^ , {p^%, (q^^^) 



izk)k, iPq)qj < C{m, r, V. K) + {m-2r -2v - 4) logw . 
where C{m,r,v, K) is a constant depending only on m, r, v, and K 



1 + max. 



Xi 



Proof. Let cq > 1 be a fixed integer. Let M.i d TZi and A^2 C 7^2 
be two subalgebras isomorphic to A1co(C) and let {egh)g,h, {fgh)g,h be 
matrix units for Aii and A^2 respectively. Consider a matricial mi- 
crostate 

((A)„(Mf ),-e,(P(*))t,(Q(^)).,(Z,),, 



gh)g,h, {Fgh)g,h 



c, e 
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from the set of matricial microstates 

Ti? (^{Xi)i, {mf^)j^e, iP^^^)t, iq^'^)s, {Zk)k, iPg)g, iegh)g,h, {fgh)g,h, ' 

We can assume (|^3]) that ||Mj^^|| <K. If a is large and e > 

is small enough, then VI < i < m 

2 r+1 

(15) 



e=l j=l 



and 



< K for all i,j,e. For any 



5 > there exists an injective *-homomorphism etc '■ A^i V M.2 
MciC) such that 



\\ac{egh) - Egh\\2 < \\ac{egh) - Egh\\2 < S^g, h 

for large a G N and small e > 0, but independently of c. The conditional 
expectation from M. onto Ai'i fl is given by 

^ CO 

EM{nM{x) = — ^ eghxehg = {egh)g^h)- 



Co 



g,h=l 



Denote P^'^ = S(PW, {a,{egh))g,h) G ac(A^i)'n A<,(C). For any 6i > 
and any Oi G N, since = ^^A^'^nA^b*-*^) = (eg/,)^,^), it follows 

that 



r. {{Pi' 



((/))') 



< 5iVl <l<ai 



if e, (5 > are small and a G N is large enough. Given 62 > 0, if 61 is suf- 
ficiently small and ai is sufficiently large, there exists ( |Vo2j ) a projec- 

< 60. 



tion pP G ac(A^i)'nA^c(C) of rank f, such that 
Note that 

2 



^1 M 



pW _ pit) 



rJ(pW-S(pW,Me,.)U))- 



and also 



pW-H(pW,(e,,),,,))^ 



hence 



pit) _ pit) 



< 60 and thus 



pit) _ p^ 



it) 



< 262 if e, 6 are 



small enough and a is sufficiently large. In this way we can find pro- 
jections (Pf C a,(A^i)' n ^.(C), (q1^^), C a^l-Ma)' n ^,(C), of 
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(t) 



< 262 and 



< 262 for 



all t, s. If 62 is small enough then we have moreover VI < z < m 



(16) 



2 r+l 



e=l j=l 



111 



< LO. 



Fix two copies ^i(c) C adMi)' nMc{C) and^2(c) C ac{M2)'r}Mc{C) 
of the Grassmann manifold Q (^^j and note that there exists a 

unitary U G W(c) such that UPf^U* G ^i(c) and UQ^^^U* G ^2(0) for 
all t, s. Lemma 4.3 in |Vo2j implies that given ^3 > 0, there exist a', c' G 
N, ei > such that if c > c' and if (Pi, . . . , P„) G rj:{((pq)q; a', c, ei), 
then there exist mutually orthogonal projections P{, • • • , P^ C A^^°(C) 
such that rank(Pg) = [r(pq)c] and \ \Pq — Pq\\^ < S3 yi < q < u. Let 
{Sq)q be fixed mutually orthogonal projections with rank(S'g) = [T(pq)c] 
VI < g < M and let W G U{c) be a unitary such that Pq = W*SqW 
VI < g < "U. If (^3 > is sufficiently small, then one has 



(17) 



2 r+l 



e=l j=l 



{UZkW*)k, {Sq)q) + UW*^f;>{{UPl'^U*)t, {UQ['^U 



y{'t)TT*\ 



{UZ,W*)k, {Sq)qyUM^f'>U*{UW*)) 



< uj\/l < i < m. 



Consider a minimal 6'-net {Vb)b£B{c,K) in {B G M.'l"'{C) : ||P|| < K} and 
a minimal ^-net {Ut)teT{c) in ^(c) with respect to the uniform norm. 

Let also (Gi^'')aeA(c) and (G'i^-')agA{c) be two minimal T^-nets (relative 
to the euchdian norm induced from A^c(C)) in Gi{c) and respectively, 
e?2(c). From ^ we have \T{c)\ < (^Y\ \B{c,K)\ < (^)'='+^ 

|^(c)| < (^)^, where C is a universal constant. There exist indices 
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t,s e T{c), b{j, e) G B{c, K), a{t),a{s) G A{c) such that VI < « < m 

2 r+1 



(18) 



e=l j=l ^ ^ 



< tu^c + + - • 2(r + 1) • [^i^Vc 



IK 

+K (eV^ + 2i^^^)] = 2 [X(r + 1) + 1] ioV^ 
+2e(r + \)Kyfc + 2D{^)Kri{r + l)^ya + P, 

where is a Lipschitz constant depending on the $'s, and a,f3 

are the number of Pi ^^s and (5i*'''s. Choose = 2K(j-+i) ^ ~ 

2Z.(^)4fi)V^ ^ that |S(c,X)| < {^^^Y^' and |A(c)| < 
^ 2CD{^)K{r+i)y'a+ i3^ 2c;, rjnj^^ volume of the set of matricial microstates 
can be estimated as follows: 

(19) V0W2 {Tr{{x,), : (mf) , {p^%, {q^'^)^, (^fe)fc, iPg)g, iegh)g,h, 



{fgh)g,h;a,C,€)) < 

c^(a+/3) 

V ^ 
• vol„e2-dc (0, [iyfmc) 



(2CK^ |^2Cir2(r + 1) ^^ 2(r+l)(c2+c) 



(J 



vold^ (0, (i^ + \i)\fmc) 



where ii = 2u) [K{r + 1) + 2] and dc denotes the dimension of the range 
of the linear map that sends (Tfe)^ to 



2 r+l 



(20) ( ^ E E %.e)$i? )^ , (gI^)))^ , (r,)„ (5,),) 

^ e=l j=l 



l<i<rn 
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Since (xj)i<j<m generates A4, the last inequality implies the free en- 
tropy estimate 

(21) xiix.^l<^<m) = X{ix.)i<i<m ■■ (mf) , ip^%, (q^'^) s, 
= X{{x.)l<^<m ■■ (mf) ,{p^%,{q^'^)s, 

(^A:)fc, {Vq)q^ {^gh)g,h, {fgh)g,h) 

< C{m, r, V, K) + (m — 2r — 2f — 4) logo; . 

□ 

4. Applications 

The main application of the free entropy estimate from the previous 
section is Theorem 14.11 the (modified) free entropy dimension of any 
set of generators of is < 2r+2i'+4 if the correspondence pL^(A/', t)_4 
is 7W-weakly contained in a finitely generated sub correspondence -pH^ 
of pL^(A^,r)_4, where P C A/" is generated by the (diffuse) relative 
commutants of two commuting copies of the hyperfinite Ei-factor TZ, 
y4. C A/" is an abelian subalgebra, v is the number of vectors which span 
pi^f_4, and r is the integer part of the Jones index [M. : N]. The results 
concerning the free group subfactors (such as the absence of regular 
non-prime subfactors) are listed in Theorem 14.21 We proceed with two 
short Lemmas, 14.11 and 14.21 which will be used further in the proofs of 
Theorems 14.11 and 14.21 respectively. 

Lemma 4.1. Let -pHji^ and pA'_4 he subcorrespondences of ■pL?'{M., r)_4 
such that vHjs, is generated by v vectors and vKjs, is A4-weakly con- 
tained in -pHjs,. Then Ve > VAi,...,Am E K 3 unitary u E A4 

3ki, . . . ,Ky G K, 3 finite |^j*z|. C V, 3 finite C A such 

that K = uKu* and 

< eVl < 2 < m. 



u*\iU — > h 



hi 



Proof. Note first that pA'yi A^-weakly contained in vHjs, implies vKjs, G 

Vm (^pHyi^, eo, F, E, for all eo > and all finite subsets F C V, 

E G A, S G H. This shows in particular that there exists a unitary 
w G such that K = wHw*, hence Ai = wrjiw*, . . . , A^ = wrj^w* for 
some r]i, . . . ,r]y G H. Since -pHji, is generated by v vectors, there exist 
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^i, . . . & H such that 

pH^=v spll-ll(pei^+... + pe.^)_^. 
Therefore, given ei > 0, there exist finite subsets F = 



E=\a 



C A such that 



< ei VI < i < m. 



Given 62 > 0, since p/iT^ G Vm ^pif^, £2, F, i?, , there exists a 
unitary f G TVI such that K = vHv* and 

||6v6t;*a- vfeCifl^^ll <e2\fbE F\/ae EWl <l<v. 

Let = v^iv* ^1 < I < V and note that one has (VI < i < m) the 
following estimate: 



(22) 



0,1 



(0 



< 



hi hi 



hi 



3,1 



The last term in (j22|l is smaller than e if ei and 62 are sufficiently 
small. □ 

Lemma 4.2. Let V he a von Neumann algebra with a matrix unit 
{^ij)i<i,j<k C V and let also A be an abelian algebra with a projection 
q E A. Assume that the correspondence vHa "is finitely generated: 
H = s^lHI (V^iA + ... + V^^^A) for some ^i,...,Cv G H. Then the 
correspondence 'p^{pH q) js,^ is also finitely generated: 

k V 



pHq = sp\\\\[J2Y.'^P^^i^A, 



j=i 1=1 

where p = en and = Cu^iq \/l<i<k\/l<l<v. 



AN ESTIMATE OF FREE ENTROPY AND APPLICATIONS 



13 



Proof. 

(23) pHq = spll ll I J^pP^/^g I = spll ll I J] J]l5Pei,6vAg 



k V 



=1 / \i=l 1=1 

j=i i=i / \i=i 1=1 



□ 



Theorem 4.1. Lei (A^,r) 6e aEi-factor generated by the self-adjoint 
elements Xi, . . . ,Xm- Assume that M <Z M. is a subf actor with the in- 
teger part of the Jones index [A4 : A/] equal to r, A d M is an abelian 
subalgebra, and V <Z M is a subalgebra such that V = V\\J V2, where 
Vi = TZ'i nV, V2 = n V and lZi,lZ2 C V are mutually commut- 
ing hyperfinite subf actors. Assume moreover that Vi, V2 are diffuse 
von Neumann subalgebras and that the correspondence pL^(A/', r)_4 is 
M.-weakly contained in a subcorrespondence of -pL'^i^M.^r)^, gen- 
erated by V vectors. Then 

(24) 5o{xi,...,x^)<2r + 2v + A. 

Proof. Note first that one has 5o{xi, . . . ,Xm) < rn ( |Vo3j ) and thus one 
can assume m > 2r + 2v + 4. There exist ( |PiPoj ) mi, . . . , G AA. 
such that 

r+l 

(25) ^ = X] ''^jEj\r{fn*x) Vx G M, 

where Ej^ : Jvi — A/" is the conditional expectation onto M. Use 
Lemma 14.11 to conclude that for every e > there exist a unitary 
■u G A^, self-adjoint vectors rji, . . . ,ri2v G L'^{Af, r)**^ and finite subsets 

b^;i^] CP, such that 

' J i,j,p,k L ' J i,j,p,k 



2v I 



u*Ex{m*x^)u -2^2^ bli Vkali 

k=l p=l 



< eVl < i < mVl < i < r + 1. 



2 



Since uAu* is abelian, there exist projections pi,...,pu G uAu* of 
sum 1 such that every ua~^'f}u* is approximated sufficiently well in the 
1 1 ■ I |-norm by linear combinations of these projections. Being diffuse, 
both uViu* and UV2U* are generated by their projections of trace |, 

hence each ub^'l^u* is the SOT-limit of a sequence of noncommutative 
polynomials "^p'i^ {{p^^^)t, {q'"^^)s) in projections of trace (p'-*'')* C 
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uViU*, {q^''^)s C UV2U*. Moreover, uW^-u* is dense in L"^ {uAfu* , tY" 
hence there exist zi, . . . , Z2v self-adjoint elements of uj\fu* such that 
(26) 

I 2v u 
p=l k=l q=l 

is sufficiently close to Ej^{m*Xi) in the || ■ ||2-norm. Therefore each Xi 
can be approximated arbitrarily well in the || ■ ||2-norm by elements of 
the form 



r+l 



(27) 



„ , (1) rtij+m* (2) mj-m:^ 

Denote rrij = — rrij = ^ , and 



(28) ((/))„ (g(^))„ (zfc),, [p,\) = A,. {iP^%, {q^'^)s, (z,),, (p,),) 

Hence for every a; > there exist polynomials ((p*^*))t, (g*-'*-')s, {zk)k, 
iPq)q) that are linear combinations of monomials of the form 
. . . p^^"-") q^^"^^ ZkPg such that 



(29) 



2 r+l 



Xi 



e=l j=l 



< uj\f\ < i < m , 



Also, one can assume that 



are 



uniformly bounded by a constant D depending only on (| |m*Xj| 
Consider a semicircular system (si)i<i<m, free from {xi)i<i<m- Note 

that since (yjn^f^ , (p*-*-*)*, {q^^'')s, {zk)k, {Pq)q ^"^^ contained in 



{xi + ujSi^ Si : 1 < i < m}", one has ( |Vo3j ) 

(30) X ((^i + ^■5i)l<j<m : (■Si)l<i<m) = X \ + WSi)i<i<m '■ (■Si)l<i<m) 



mf )^ ^ , (pW)„ (gW)„ {zk)k, {p,),j < X[{x^ + cos.) 
mf) . ^ , {p%, (g(^))., (^fc)., (p,),) VI < z < m. 



l<i<m 
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The inequalities imply 

2 r+l 

(31) \ ' 

" ^ e=l i=l 



< 2cuVl <i<m 

2 

hence, by ()30|) and the free entropy estimate ()14|) from Lemma f3. 11 

X {{xi + ujSi)i<i<.m ■■ {si)i<i<m) < C{m, T, V, K) + {m-2r-2v-A) log2cj . 

The estimate for the (modified) free entropy dimension follows now 
immediately: 

X ((Xj + Co'Sj)i<j<m : (Sj)i<i<m) 



(32) 5q{xi, . . . , Xm) = m + limsup 



log a; I 



C{m,r,v, K) + {m — 2r — 2v — A) log2u 

< m + lim sup j 

i^^o I logo;] 

= 2r + 2i; + 4 . 

□ 

Corollary 4.1. Let (A^,r) be aHi-factor generated by the self-adjoint 
elements xi, . . . , x^- Assume that M G M. is a subfactor with the 
integer part of the Jones index [Ai : A/"] equal tor, Ad M is an abelian 
subalgebra, and V (Z M is a subalgebra such that V = Vi \/ V2, where 
Vi = TZ'i nV, V2 = 1^2 n V and T^i, 7^2 C P are mutually commuting 
hyperfinite subf actors. Assume moreover that Vi, V2 are diffuse von 
Neumann subalgebras and that L'^{Af, r) = sp"'"^(P^i^ + . . . + V^vA.) 
for some vectors ■ ■ ■ d L'^{J^, t). Then 

(33) 5o{xi,...,Xra)<2r + 2v + A. 

L. Ge and S. Popa proved ( |GePoj ) that if Q is a finite von Neumann 
algebra with no atoms and with a faithful normal trace r : Q — C 
and if, moreover, a : F — Aut(Q) is a trace-preserving properly outer 
action of a countable discrete group F on Q, then there exist an abelian 
subalgebra A C Q and ^ G L^(Q F,r) such that L^(Q F,r) = 
gplMlzQ^^ In the same vein, one has the following Lemma: 

Lemma 4.3. Let Q = QiM Q2 — Qi® Q2 be a non-prime subfactor 
of a El-factor M . If Q is regular in M , then there exist diffuse abelian 
subalgebras Ai C Qi, A2 C Q2 and an abelian subalgebra A^ C Q'nA/" 
such that the correspondence -pL'^i^Af ,t)_a is cyclic i.e., -pL'^i^M ,t)_a = 
-spW-W^ViA for some ^ e L'^{J\f, t), where V = Q V (Q' n A/") and A = 
AiW A2y A3. 
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Proof. Let F be a countable group of unitaries in Nx{Q) such that 



Qi 



5 Q2 ® (Q'nAf), AW(Q) c 

to conclude that there exist 



spll-IlT = L2(7V,r). Note that V ^ 
Nj^{V) and V nU dV. Use §2 in 
maximal abehan subalgebras ^1 C Qi, A2 C Q2, ^3 C Q'nA/" with the 
property that for every finite subset W C spF (=linear span of V) and 
every e > there exists a finite partition of the identity with projections 
{,Pi)iei C ^ = ^1 V ^2 V ^3 such that || Y.iaiPi'^Pi - ^^(^)l|2 < e 
Vw e ly, where Ej\^ : A/" — > ^ is the conditional expectation onto A. 
Pick a vector ^ e LP'^M^t) such that (^jti) 7^ Vm G F. In fact, one 
can assume that ^ = v G U{N) since the set of unitaries v G IA{N) 
such that = r(fM*) 7^ Vm G F is a G^-dense subset in U{J\f) 

( |GePoj ). Let (t«n)n>i C spF be an orthonormal basis of L^(A/', r) and 

write ^ = Y,n>l'^nWn, = Y.n>l'^nWn, whcrC = G C 

Vn > 1. Given 5 > 0, there exists m > 1 such that ||f — ^mlb < 5- 
For M G F and e > let {pi)i£i be a finite partition of the identity with 
projections from A such that \\'^^^jUpiU*WnPi — uE_A{u*Wn)\\2 < e 
VI < n < m. Note that 



(34) 



< 



m 

< 5 + ^ |a„|e + 5, 



+ 



uEj,{u*{i-U)) 



n=l 



hence u G sp"'"^P(^^ since e, 5 > can be chosen arbitrarily small, 
upiU* EV,PiEAWiEl,A has no atoms, and r(^tt*) 7^ 0. □ 

Theorem 4.2. Let JV be a subfactor of finite index in the interpolated 
free group factor Ai = jC{¥t) (1 < t < 00) and let also r denote the 
integer part of the index. The following statements are true: 
i) M does not have regular non-prime subf actors; 
a) the correspondence pL^(A/', r)^ is not finitely generated if A is an 
abelian subalgebra of M and V = Vi \/ V2 is a subalgebra of M such 
that Vi = 7l[ n V and V2 = IZ^^V are both diffuse, TZi, IZ2 are 
mutually commuting hyperfinite subfactors of V , and T^i fl .A, 7^.2 fl ^ 
have projections of arbitrarily small trace; 

Hi) the correspondence ■pL?'{N' ,t)^ is not M.-weakly contained in any 
finitely generated correspondence vHjs, if 2r + 2v + 4 < t < 00, A is 
an abelian subalgebra of N" and V = ViM V2 is a subalgebra of M such 
that Vi = 7l[nV and V2 = TZ^^V are both diffuse and IZi, 7^2 o,re 
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mutually commuting hyperfinite suhf actors ofV; 

iv) Af does not have regular diffuse hyperfinite *-subalgebras (DHSA). 

Proof, i) Assume that M has a regular nonprime subfactor Q = Qi V 
Q2 ^ Qi ® Q2 and denote P = Q V (Q' n A/"). By Lemma Ol there 
exist diffuse abehan subalgebras ^1 C Qi, A2 C Q2, an abehan subal- 
gebra ^3 C Q' n A/", and a vector ^ G L^{Af, r) such that L'^{JV, r) = 
splMh-p^^^ where A = ^1 V ^2 V ^3. We consider first the case 
Ai = C{¥t) with 1 < t < 00. Since Ai and A2 are diffuse, for any k > 1, 
there exist projections pi G Ai, P2 G A2 such that t(pi) = t{p2) = p 
Let {eij)i<ij<k C Qi, {fis)i<i,s<k C Q2 be two matrix units such that 
cii = pi, /ii = P2 and denote p = piP2- Use Lemma to conclude 

^'(A/;,T,)=pL2(Ar,T)p = splHI^ ^ V,^uA^ 

l<i,l<k 

where = Cufu^p \fl < i,l < k. Let T^i C (Q2)p, ^2 C (Qi)p be 
hyperfinite subf actors and denote Vi = 7l[ fl Vp and V2 = 1^2 H Pp. 
If the integer part of : N] is equal to r, then the integer part of 
[A^p : A/^] is also equal to r and the estimate of free entropy dimension 
from Corollary 14.11 implies 

(35) 5o(xi,...,x^) < 2r + 2P + 4 

for any system (xi, . . . ,Xm) of self-adjoint generators of M.p. On the 
other hand, by the compression formula ( |Dyl| , |R,aj ) . 

A^p ~ C (Fi+(t_i)^(p)-2) = C (Fi+(j„i)fc4) . 

Moreover (|^, |^), C (Fi+(t_i)fe4 ) has a system of generators (xi, 
. . . , Xm) with 5q{xi, . . . , Xm) = I + {t — l)k'^, hence the inequality (jHH) 
implies 1 + (t — l)/c*^ < 2r + 2A;^ + 4 which is of course impossible if k 
is sufficiently large. 

Let us consider now the case Ai = £(Foo), when f |Volp Ai is gen- 
erated by an infinite semicircular system (xj)j>i. With the estimate 

of free entropy (fT^ we conclude that there exist elements (^^f^^ , 

{p^^^)t, iQ^^^)s, izk)k, {Pq)q (as stated in the proof of Theorem 14. 1|) such 
that 

X {{.Xi)i<i<m ■■ (mf^^ ^ ^, {p^^'^)t, {q^'^)s, {Zk)k, {Pg)q^ < X {{^ i) i<i<m) ■ 
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Let J^n = {xi, . . . , Xn}" and En : M. ^ A4n be the conditional expec- 
tation onto Ain- Since 



(36) (^(x.)i<.<^, (mf ))^^, {p^'^)),,{En 

converges in distribution as n ^ oo to 

{Xi)l<i<m, (mf^^ ^ , (p(*^)t, (g^'^)s, (2;fc)fc, (Pq 



n>l 



there exists an integer n > m such that 

(37) x((^.)l<,.<,n : {En H'O), e ' ^^^^^^^^ ' ^^^^^^^^^ ' 

(^n (Zk)),^ , {En {Pg))g ^ <X {{x^)l<i<„,) , 

hence 

(38) x{{xi)i<i<n) = x((x.)i<i<n : [En (mf ))^^, (E„ (/)))^, 

(i?„(gW))^,(i?„(2;,)),,(i?„(p,))^ 
< x((a^i)i<.<n^ : [En (mf )) (p^))^, 
(i?„(gW))^,(i?„(z,)),,(i?„(p,))^ 



(•^m+l 1 • • • ) ''^n) ^ X ("^1 ) ■ ■ • ) "^m) ~l~ X (''^m+1 ) ■ ■ • ; ^Jj^,) , 

contradiction. 

ii) The statement is a direct consequence of the free entropy dimension 
estimate from Corollarvl4.1lif 2r+2f +4 <t < oo. Ifl<t< 2r+2i)+4, 
first cut down by a projection p = piP2 with pi E TZi H A, P2 & TZi H A 
of sufficiently small trace. Note that this increases as in the proof 
of i) and use then Lemma f4. 21 and the free entropy dimension estimate 
from Corollary 14.11 The case t = oo can be treated as in the proof of 

i)- 

iii) The case 2r + 2t; + 4 < t < oo is consequence of the estimate of 
free entropy dimension from Theorem 14. 11 The case t = oo can be also 
treated as in the proof of i). 

iv) Let Q C A/" be a regular DHSA of A/". As in the proof of Lemma 
conclude that there exist a diffuse abelian subalgebra Ai C Q and an 



AN ESTIMATE OF FREE ENTROPY AND APPLICATIONS 



19 



abelian subalgebra ^3 C QnM such that vL'^{M, r)^ = spH'll^-p^^ for 
some ^ G L'^{Af, r), where V = QV {Q' n Af) and A = AiW A3. Since 
Q is a DHSA of A/", this imphes (with the notations from Theorem 
14.11) that for any e > there exist mutually commuting hyperfinite 
subfactors 7^i,7^2 C Af (depending on e) such that 

dist||.||2 {Ex{m*Xi),spnin2^A) < eWl < i < mVl < j < r + 1. 

As in the proof of Theorem 14 .H one obtains the free entropy dimension 
estimate 6o{xi, . . . , Xm) < 2r + 6 and then iv) follows from this estimate 
in a fashion similar to the proof of i). □ 

Corollary 4.2. The subfactors M of finite index in the interpolated free 
group factors C{¥t) (I <t < 00) are not crossed products of nonprime 
subfactors or diffuse hyperfinite subalgebras by properly outer actions 
of countable discrete groups. 

Proof. Let Q C A/" be either a nonprime subfactor or a diffuse hyper- 
finite subalgebra. Recall that if F is a countable discrete group and 
if a : r — > Aut(Q) is a properly outer action of F on Q such that 
A/" ~ Q Xq, r then Q is regular in A^. Use then i) and iv) from Theorem 
01 □ 
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